In this paper we discuss the f-deformed boson algebra and thermodynamics for f-deformed boson gas. We investigate algebraic structure of f-deformation. We use it to formulate the theory of f-deformed bosons. We discuss some properties of the f-deformed coherent states. We also discuss the f-deformed distribution and virial expansion for f-boson gas.
Introduction
Creation and annihilation operators in boson algebra are mathematical operators that have widespread applications in quantum mechanics, notably in the study of quantum harmonic oscillators, quantum optics and and many-particle systems. Boson algebra is given by 
where a ( or a † ) is called a annihilation operator ( or creation operator) and N is called a number operator.
Up to now, there have been several types of deformations for this algebra [3, 4, 5, 6, 7] . One of the famous deformations was accomplished by Arik and Coon [3] . They used the q-calculus which was originally introduced by Jackson in the early 20th century [8] . In the study of the basic hypergeometric function Jackson invented the Jackson derivative and integral, which is now called qderivative and q-integral. Jackson's pioneering research enabled theoretical physicists and mathematician to study the new physics or mathematics related to the q-calculus. Much was accomplished in this direction and work is under way to find the meaning of the deformed theory. Arik and Coon's q-oscillator algebra is given by
where the relation between the number operator and step operators becomes
where a q-number is defined as
for any operator or number X. The algebra (2) was shown to be related to the deformation of the uncertainty relation which is called a generalized uncertainty relation suggested by Kempf [9] . It is thought that the generalized uncertainty relation results from the quantum gravity effect. In Kempf's another work [10] , the generalized uncertainty relation was shown to lead to the conclusion that anomalies observed with fields over unsharp coordinates might be testable if the onset of strong gravity effects is not too far above the currently experimentally accessible scale about 10 −18 m, rather than at the Planck scale of 10 −35 m. The quantum mechanics related to the generalized uncertainty relation is called a Planck scale deformed quantum mechanics, which is regarded as as reasonable model for studying the quantum gravity phenomenology [11, 12, 13, 14, 15] .
The second deformation was achieved by Macfarlane [4] and Biedenharn [5] . Their q-oscillator algebra is given by
The third deformation is obtained by Chung et.al. [6] as such
The forth deformation is obtained by Borzov and Damaskinsky and Yegorov [7] as such
The last deformation is different from the above four cases in that it does not include the parameter q. Instead it has two real parameter α, β and is given by [ 16, 17] [a,
This deformed algebra is shown to be related to many interesting physical models. For α = 1, β = k + k , the spectrum is the same as the one given in the quantum system with Poeschl-Teller potential [18] whose Hamiltonian is given byĤ
For α = 3 2 , β = α+1, the algebra (11) is shown to be related to the anharmonic oscillator system with x 4 potential [19] . All deformed boson algebra is characterized by the deformation function f defined by
For example, for the above mentioned deformed algebras, we have
Besides, we can take another choice for the deformation map f , each of which gives a new deformed boson algebra called a f-deformed boson algebra. In this paper we discuss the f-deformed boson algebra and thermodynamics for f-deformed boson gas. This paper is organized as follows: In section II we investigate the algebraic structure of f-deformation. In section III we discuss the theory of f-deformed bosons. We investigate the Fock representation, Bargmann holomorphic representation for this algebra and construct the f-deformed coherent states and discuss some properties of the deformed coherent states. As applications we discuss the f-deformed distribution and virial expansion for f-boson gas. In section IV, we discuss four types of deformed algebras and the thermodynamics for four types of deformed boson gas.
Algebraic structure of f-deformation
In this section we discuss the algebraic structure of f-deformation. Definition 2.1 Let us consider the deformation map f defined by
where x ∈ R or x belongs to the set of quantum operators. We assume that the deformation map is smooth and invertible. For this map, we introduce the f-addition as follows:
It can be easily checked that the operation ⊕ satisfies commutativity and associativity. For the operator ⊕, the identity additive is 0, which implies
From the eq.(16) we have
Proposition 2.1 Let us denote the additive inverse of x by x. Then, we have
Proof. From the definition of the additive inverse, we have
Thus, we have
which completes the proof.
Definition 2.2
For the deformation map f , the f-subtraction is defined by
From the definition of f-subtraction, we know
From the associativity of ⊕, we have the following formula :
Inserting t = 1 in eq. (25), we have
by n f . Here we call n f a f-number of n, where n f reduces to n when f (x) goes to x. For real number x, we can define the f-number x f as follows:
Here we have the following:
Then f-number satisfies the following :
For this addition, we have the identity 0 f obeying
Letting the inverse of x f by (−x) f , we have
The f-sum satisfies the following property.
The f-difference is defined in a similar way :
Theory of f-deformed bosons
In this section we shall construct a new theory of f-deformed bosons with a help of the f-addition and f-subtraction.
f-deformed boson algebra
The general f-deformed boson algebra takes the following form:
where f (N ) is a deformation map obeying f (0) = 0, f (1) = 1 and
Here, N is the number operator of deformed bosons and a, a † denote the annihilation and creation operators of deformed boson oscillators. For f −1 (x) = x, the eq.(34) gives the ordinary boson algebra, while for f
, it gives the standard q-boson algebra [3] . In the deformed boson algebra (34), we know that N = a † a, instead, a † a is some function in N . Then, the first relation of the eq.(34) is written as
Let us introduce the Fock basis as
From the second and third relation of the eq.(34), we can set
From the eq.(36) and the eq.(38), we have
Solving the eq.(39) with c 0 = 0, we have c n = f −1 (n). Thus, the representation takes the following form:
The f-deformed Fock space spanned by the orthornormalized eigenstates |n is constructed according to
where the f-factorial is defined as
f-deformed Bargmann holomorphic representation
The transformation from f-deformed Fock observables to the f-deformed configuration space (f-deformed Bargmann holomorphic representation) may be accomplished by choosing
where f-deformed derivative ( shortly f-derivative) D x reduces to the ordinary derivative when f (x) goes to x. Inserting the eq.(43) into the first relation of the eq.(34), we get
or
Proposition 3.1 For the f-derivative, the following holds:
Proof. Let us assume that the eq.(46) holds for M − 1.Then we have
We introduce the f-scalar product as
From the identity
we have
Comparing the eq.(49) and the eq.(50), we know
Proposition 3.2
The f-deformed exponential function is defined from the following relation:
The f-deformed exponential has the following expression:
Proof. If we set
n f a n = a n−1
which completes the proof. In general, for the f-exponential, we have
Instead, we demand that
Inserting the eq.(58) into the eq.(57), we have
The first few κ n 's are
The f -derivative can be also written as
where f-binomial is
f-deformed coherent state
Mathematically, a coherent state |z is defined to be the eigenstate of the annihilation operator a associated to the complex eigenvalue z. For the deformed boson, we set a|z = z|z
The coherent state can be represented by using the number state as follows :
Inserting the eq.(64) into the eq. (63), we obtain the following relations :
Thus, the deformed coherent states are
Now let us demand that the norm of the coherent state is unity, which enables us to determine c 0 (z). Indeed, from z|z = 1, we obtain
Now let us briefly discuss the non-classical properties of the deformed coherent states. Along this purpose, we refer to the sub-Poissonian statistics and quadrature squeezing.
Photon distribution
The photon distribution function implies probability of finding photons in the deformed coherent states. The probability of finding n photons in these sates is given by
Super-/Sub-Poissonian structure
Let us discuss the super-/sub-Poissonian structure for these states. Commonly, photon-counting statistics of the coherent states can be investigated by evaluating Mandel parameter. The Mandel parameter is defined as
where
The coherent state for which Q = 0, Q < 0 and Q > 0, respectively corresponds to Poissonian, sub-Poissonian ( non-classical) and super-Poissonian state. For the deformed coherent states, we have the following expectation values:
Thus, Mandel parameter is then given by
This means that the f-deformed bosonic coherent states is Poissonian.
f-deformed distribution for f-boson gas
For the dynamical system, we consider the model of ideal gas of f-bosons by taking the free, or non-interacting, Hamiltonian in the form
Let us note that among a variety of possible choices of Hamiltonians, the choice (73) is the unique truly non-interacting one, which possesses an additive spectrum. To obtain basic statistical properties, one evaluates thermal averages
From the cyclic property of trace we have aa † = e β a † a . Thus, the distribution function is found as
From the algebra we have
which will be used in computing the intercept defined by
Virial expansion for f-boson gas
The statistical mechanics of the gas of non-interacting q-deformed bosons obeying q-oscillator algebra has been studied by several authors [20] [21] [22] [23] [24] [25] [26] . In this subsection we apply the same method to non-interacting f-boson gas. In the grand canonical ensemble , the hamiltonian of the non-interacting f-boson gas is expected to have the following form
where µ is the chemical potential and is the kinetic energy. Let us introduce the occupation number n . The mean value of the occupation number n is then computed by the relation
Using the cyclic property of the trace, we get
where z = e βµ is the fugacity. If we assume that the solution of the eq.(81) takes the following form:
In order to study the high-temperature thermostatistical properties of the fboson gas model, one could replace the sums over states by integrals for a large volume and a large number of particles as
where V is the volume. Introducing the thermal wavelength λ = h/ √ 2πmkT , the number density of f-bosons is written as
where deformed Fermi-Dirac function is
Similarly, we can build the equation of the state for f-bosons as follows;
From the results (83) and (85) we can obtain the following virial expansion
where the virial coefficients in the f-bosons system depend on the choice of function f .
Some examples of f-boson algebra
In this section we discuss some interesting choices of f (x).
Case of f (x) = x
This is an ordinary boson algebra. The virial expansion is given by
In this case we have
which gives
The f-addition and f-subtraction then read
Distribution function
The deformed boson algebra then reads
Its equivalent form is
This is a q-boson algebra [3] . For this algebra, up to a first order in q − 1, we have
and
where we set x = e −β . Thus, the intercept is
Note that in the non-deformed limit q → 1 we have λ q = λ BE = 1 for BoseEinstein statistics. The quantity (intercept) is important since it can be directly confronted with empirical data. In this respect, let us note that there exists a direct asymptotic relation λ q = q, which corresponds to the limit of large momentum or low temperature (in that case β → ∞).
Virial expansion
From the eq.(81), the occupation number n is then computed by
and the deformed Fermi-Dirac function is
Therefore the virial expansion is
where the virial coefficients, up to the first order of q − 1, are then given by
Thus, up to a first order of q − 1, the virial coefficients for this case are the same as those for the ordinary boson case.
Case of f
Distribution function
For this algebra, up to a first order in q − 1, we have
There exists a direct asymptotic relation λ q = 2 − q, which corresponds to the limit of large momentum or low temperature (in that case β → ∞).
Virial expansion
From the eq.(81), up to a first order in q − 1, the occupation number n is then computed by
Distribution function
The distribution function and the virial expansion for this algebra are discussed by Rebesh, Kachurik and Gavrilik [30].
Case of f
Distribution function
For this algebra, we have
where we set x = e −β . Thus, up to a first order in µ, the intercept is
Note that in the non-deformed limit µ → 0 we have λ µ = λ BE = 1 for BoseEinstein statistics. The quantity (intercept) is important since it can be directly confronted with empirical data. In this respect, let us note that there exists a direct asymptotic relation λ µ = 1 + 2µ, which corresponds to the limit of large momentum or low temperature (in that case β → ∞).
Virial expansion
From the eq.(81), the occupation number n is then computed by Therefore the virial expansion is
where the virial coefficients, up to the first order of µ, are then given by
Thus, up to a first order of µ, the virial coefficients for this case are the same as those for the ordinary boson case.
Conclusion
In this paper we discussed the f-deformed boson algebra where f is related to the relation a † a = f −1 (N ). Here N is a number operator for the undeformed boson algebra. Using the f-subtraction we formulated the f-deformed commutation relation for the f-deformed boson algebra. Using this we obtained the representation for this algebra. We also investigated the f-deformed Bargmann holomorphic representation. We introduced the f-derivative and found some properties for this deformed derivative. We also obtained the f-deformed exponential function and f-deformed binomial expansion. We constructed the f-deformed coherent states and discussed some properties of the deformed coherent states. As applications we discussed the f-deformed distribution for f-boson gas. We found the formulas of the distribution function and intercept for this gas. Besides, we discussed the virial expansion for f-boson gas. We discussed four types of deformed algebra which is defined by each f map:
1 f (x) = . For these four types of f-deformed boson gas, we computed the intercepts and viral coefficients.
